Effects of laser energy fluence on the onset and growth of the Rayleigh-Taylor instabilities and its influence on the topography of the Fe thin film grown in pulsed laser deposition facility Phys. Plasmas 19, 103504 (2012) Halo formation and self-pinching of an electron beam undergoing the Weibel instability Phys. Plasmas 19, 103106 (2012) Energy dynamics in a simulation of LAPD turbulence Phys. Plasmas 19, 102307 (2012) Free boundary ballooning mode representation Phys. Plasmas 19, 102506 (2012) Additional information on Phys. Plasmas (Received 24 October 1994; accepted 27 January 1995) A generalized energy principle is used to determine the effect of ion cyclotron resonant heating (lCRH) on the stability of m = 1 intemal kink displacements in the low-frequency limit: such displacements are associated with sawtooth oscillations. An integral expression is obtained for the contribution to the plasma energy of an ICRH-heated minority ion population with strong temperature anisotropy, which relates the former to the ICRH power input and its deposition profile. The link is provided by a realistic, but analytically tractable, new model for the distribution function of the heated ions, which is based on the approach of Stix [Nucl. Fusion 15, 737 (1975)]. Numerical evaluation of the integral expression is carried out using parameters inferred from ICRH experiments in the Joint European Torus (JET) [Campbell et aI., Phys. Rev. Lett. 60, 2148].
A model for ideal m= 1 internal kink stabilizatio,n by minority ion cyclotron resonant heating (Received 24 October 1994; accepted 27 January 1995) A generalized energy principle is used to determine the effect of ion cyclotron resonant heating (lCRH) on the stability of m = 1 intemal kink displacements in the low-frequency limit: such displacements are associated with sawtooth oscillations. An integral expression is obtained for the contribution to the plasma energy of an ICRH-heated minority ion population with strong temperature anisotropy, which relates the former to the ICRH power input and its deposition profile. The link is provided by a realistic, but analytically tractable, new model for the distribution function of the heated ions, which is based on the approach of Stix [Nucl. Fusion 15, 737 (1975) ]. Numerical evaluation of the integral expression is carried out using parameters inferred from ICRH experiments in the Joint European Torus (JET) [Campbell et aI., Phys. Rev. Lett. 60, 2148 ].
It is shown that the ideal m = I internal kink is stable at values of the poloidal plasma beta f3 p which typically lie in the range 0.4-1, depending on the radio-frequency power input and the radius r 1 of the q = I surface. Stability is thus possible at values of f3 p lying significantly above the magnetohydrodynamic instability threshold (=0.3). If the perpendicular temperature T1-of the hot ions exceeds the parallel temperature by a factor of 10 or more, and rl is greater than about one-third of the plasma minor radius, trapped ions have a greater stabilizing effect than passing ions. Stabilization is most easily achieved, however, if rl is small. The hot-ion plasma energy depends strongly on the value of T1-, but for fixed T1-is insensitive to the degree of anisotropy.
I. INTRODUCTION
The success of experiments using minority ion cyclotron resonant heating (ICRH) to control magnetohydrodynamic (MHD) activity in the Joint European Torus (JET)l has given rise to considerable interest in the nature of the stabilizing mechanism, and its relation to the distribution function of the heated ions. It has been widely suggested that sawtooth oscillations are controlled by the ideal m = 1 internal kink energy, which can be studied using MHD energy principles applied to tokamak plasma configurations. When hot minority ions are present, their potential stabilizing influenceleading, perhaps, to suppression of sawtooth oscillation-can be calculated in terms of fluid and kinetic corrections to the energy principle: these may be written in the form
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dominantly trapped minority ions; and (H), derived for example in Eq5 .. (44), (61) , and (92) of Ref. 2, which is the bounce-averaged perturbed energy of a particle with fixed second adiabatic invariant J moving on magnetic field lines perturbed by the MHD eigenfunction. The quantity C is defined by Eq. (3.4) of Ref. 3, and PII and P.L refer to the parallel and perpendicular pressure of the hot ions; B denotes magnetic field strength. The integration f Td 3 v is performed over trapped particles only. In Eq. (I), the first integral is referred to as the fluid term because it involves macroscopic quantities, whereas the second integral is kinetic. The latter can be derived using either the gyrokinetic equation, or methods that employ drift invariants. For further details on the derivation of the energy principle in this context, we refer for example to Refs. 2-7. It is possible to evaluate Eq. (I) for m = I kink displacements, in the low-frequency limit where W~<Wdh)~W*h' We evaluate the contribution of passing hot ions to the fluid component of oW hot in Sec. V; the total contribution of trapped ions to oW hot, including both fluid and kinetic terms, is given by
Here, the key physical quantities are g, which represents the fluid displacement associated with the MHD eigenfunction; F", which describes the distribution of the heated minority ions in velocity space and in real space; the minority ion diamagnetic frequency w*h; < Wdh), which is the bounceaveraged toroidal precessional drift frequency of the pre-
Here, the subscript ht denotes "hot trapped"; mh is the mi- nority ion mass; r 1 is the minor radial coordinate of the q = I surface; ~rO is the radial amplitude of the rigid-displacement eigenfunction; the magnetic field strength is defined by
where E= rl Ro is the local inverse aspect ratio and e denotes poloidal angle; c and A are respectively energy and pitchangle variables,
the three terms (. , 1" and I q are given bl
where q is the safety factor; and
is the shear. When oW hot is positive, the hot minority ions have a stabilizing influence. Physically, this arises 9 from the conservation of the third adiabatic invariant <I> (the flux of poloidal magnetic field through the toroidal precessional drift orbit) for minority ions with (Wdh)}> w. The conservation of <I> enhances the rigidity of the system, reducing the range of accessible phase space and thereby contributing to stability. The form of Eq. (2) makes clear the crucial role of the minority ion distribution function F h in determining the magnitude and scaling of oW ht. A realistic, but analytically tractable, model for F h is therefore desirable, and this is a key feature of our calculation. In the past, three lines of approach have been followed. The first is based on the Stix distribution,1O which predicts that the perpendicular temperature of the heated minority ion population is given by TJ. STIX= TeC 1+ 3 ~RF/2), ~RF=PRFTJ3nhTe.
(10)
Here, PRF is the local radio-frequency (RF) power density coupled to the minority ions, Ts is their classical Spitzer slowing-down time, Te is the electron temperature, and nh the number density of heated minority ions. This prediction is in broad agreement with experiment, and in particular has been used to interpret data from ICRH experiments in JET."· 12 The RF power densities in these experiments are such that ~RF}> I at the position of maximum power deposition," and so TJ. STIX=3~RFTel2. In the second approach, the distributions reflect geometric factors such as the cyclotron resonant localization of the heated region, and the associated "winding-up" of trapped heated particles until their banana tips lie in the heated region, which are not explicitly included in the Stix model. An example of such a distribution, which is formally more complex than the Stix model, has been given by 13 (2) contains a fourdimensional integral which must, in general, be evaluated numerically. We are faced with the challenge of finding a representation of F h which is both realistic and sufficiently simple that the dimensionality of the integral in Eq. (2) can be reduced, thereby facilitating its numerical evaluation. In this paper we construct an expression for F h which is analytically tractable while retaining some of the key physical features of other, more complex, approaches. In particular, it incorporates features that arise from the Stix distribution, such as the simple parametric dependence on RF power density, together with other phenomena such as the spatial localization of cyclotron resonant power deposition, and the existence of a critical pitch angle associated with banana tips lying in the heated region. This model is discussed in Sec.
m, following our treatment of the poloidal and pitch-angle integrals in Sec. II, and prior to the evaluation of the trapped particle energy integral in Sec. IV. The contribution of passing hot ions to oW hot is considered in Sec. V, and the model is applied to JET ICRH experiments in Sec. VI. Our conclusions are presented in Sec. VII. 
II. POlOIDAl AND PITCH-ANGLE INTEGRALS
where Ie and Is are now given by Egs. (13) and (17). Referring back to Eg. (2). we may use the above expressions to define
Ic+sl~

1T
where, suppressing the arguments of q and s for conciseness,
To be consistent with the approximations already employed, we may only retain terms in Eq. (21) order in s over most of the range of k 2 , and may therefore be neglected except when k2=k~. where we define k~ to be the root of
from standard tables, we find that k~=0.83. Near its pole, the denominator can be expanded as (k 2 -k;') times its first derivative with respect to k 2 , evaluated at k~. Using the iden-
Meanwhile, in the first term of the numerator of Eg. (21), near the pole we have
It then follows from Egs. (21). (24), (27), and (28) that
Physically, this imaginary contribution arises from the zerofrequency Landau resonance of heated ions near the trapped-passing boundary, whose toroidal precessional drift is negligible. (31) and (30), respectively:
To progress further, we must now consider the distribution function of the heated minority ions.
III. MODEL DISTRIBUTION
The equilibrium distribution function of the heated minority ions (subscript h) must be expressible as F h (J-L,(L;,r) where magnetic moment J-L = vl/2B, kinetic energy 1: =v 2 /2 as before, and r is the distance from the magnetic axis-we assume circular flux-surface cross section, for simplicity. In particular ( aFh) In developing Stix's model, we first note that the density of RF power deposition is often a complicated function of position in ICRH experiments, as shown for example in Ref.
16. If first pass absorption is strong, power deposition is concentrated in a region of roughly equal vertical and major radial extent, determined, respectively, by wave focusing and the Doppler effect; if it is weak, power deposition is concentrated about a vertical chord. Any analytical representation of PRF must accordingly include sufficient degrees of freedom to give some match to experiment, while leading, via Eq. (10), to a distribution function which satisfies Eq. (34). A relatively simple model for the spatial dependence of the power deposition density P d is given by (36) Here, R denotes distance from the axis of symmetry and z denotes vertical position, so that if Ro is the major radius of the device, R = Ro + r cos () and z = r sin (); 0 and .l reflect the major radial width and vertical spread of the absorption region-we shall assume .l> O. Note that P d defined by Eq.
(36) is a function both of radius and of poloidal angle. It would therefore be incompatible with Eq. (34) to identify P d' as it stands, with the quantity PRF in Eq. (10), unless the resulting dependence of the distribution function on poloidal angle could somehow be removed.
Following from Eq. (36), it is convenient to define a critical radius .l2
rc=IRres-R ol.l2_o2' (37) It can be shown that the peak value of the power deposition density on a given flux surface, denoted by P d(r), is given by For r~rc' peak power deposition occurs at ()=o or 7T (for Rres~Ro); for r~rc' it occurs at ()=cos-1(sr/r), where s =sign(Rres -Ro).
We now make an assumption which is crucial to our model: the heated ion distribution on a flux surface will be governed by Stix's model, as evaluated at the point on the flux surface where heating is greatest. Accordingly, we identify (39) for use in Eq. (10). The distribution function may then be written in the form
Co(r) (mh)312
Here (I', 0 0 ) denotes the point on the flux surface at which RF power deposition density is greatest;
using Eqs. (10), (38) 
It then foIlows from Eqs. (40), (43), and (45) that (47) The appearance of 0 in the Jacobian of Eq. (44) (40), (43), and (46)- (48),
In Eq. (49) 
IV. RADIAL AND ENERGY INTEGRALS
The dependence on radial coordinate r of the model distribution function Fh defined by Eq. (49) (s(r) )
It is also useful to note that the component of the integrand in Eq. (32) that is proportional to aFhlae can be transformed by integration by parts. Using Eqs. (25) and (26), we obtain
We are now in a position to consider the energy integral. In doing so, we require the identity
where f(p+ 1)=pr(p) and f(II2)=1T iI2 . Then, from Eq. (49),
It follows that, for use in Eq. (33), where a(r) is :±:1 for (rIRo)(2k~-1)+€~0. Let us now consider the normalization of oW ht. The simplest point of comparison is provided by the standard MHD toroidal energy,17 (58) where ,Bp denotes the poloidal beta. Accordingly, we define (59) so that (OWht)N is a dimensionless number whose magnitude is to be compared to (13/144 -,B~)[ 1 -q (0)]. It is also convenient to define Here. a(x)=::tl for X€aC2k~-I)+E~0. Polynomial approximations can be used to evaluate KCk2) and E(e) rapidly. which means that the integrals in Eqs. (66) and (67) are effectively either one dimensional or two dimensional, and are thus tractable numerically.
It is also convenient to express the radial and parametric dependence of T.l (r) in terms of suitably normalized units. If p( is the total power coupled to the minority ion population. we may define
for use in Eq. (38). It then follows from Eqs. (10) (72) While the passing component of the energetic ion population makes no contribution to the kinetic part of oW hot, it does contribute to the fluid part. As we noted in the Introduction, this contribution was neglected in passing from Eq.
V. PASSING PARTICLE CONTRIBUTION TO THE ENERGY
(1) to (2), and we now evaluate it explicitly, We define where the subscript "hfp" denotes "hot fluid passing" and (1), This involves the total energetic particle pressures PII and P.l , and the quasipressure C, which are defined by
We define corresponding passing quantities .011' P.L ' and C for which the integrations in Eqs. (74)- (76) (40), (42), and (49), the distribution function of the heated minority ions may be written (83) where (84) Substituting these expressions into Eqs. (74)- (76), and restricting the domain of integration to passing velocity space, we obtain
_ 6nhGTII(TIIIT.L)3/2 PII=[/1-3f2«B max IB)-
where (88) We now turn to the expressions required in the final integral in Eq. (82). It follows from Eq. (3) that, to leading order in E,
BI2B ( B )112 I (R ')112
(1 -BIB:: and BmaxIB-I =XEa(l +cos (). Equation (96) contains no singularities, and is therefore convenient for numerical computation.
The key expressions derived in the preceding sections
give formulas for oW hI and oW hfp which are directly parametrized by quantities such as Po, ~, and 0 which describe the RF power deposition among the minority ions. These expressions must be evaluated numerically: Table I gives a complete list of the parameters which must be specified for this purpose. (10)], which implies that the total energy transferred via ion cyclotron resonance to the minority ions depends only on the RF power input.
We concentrate on the case of 3He minority ions (A h = 3, Zh=2) , and an RF power deposition profile which is centered on the magnetic axis (e-= 0), with a vertical spread .:1=20 cm ll (when e-= 0, the value of 0 is irrelevant independent of aT' except when this parameter is less than about 0.1. If F h is highly anisotropic, the dominant contribution to oW hot comes, as expected, from trapped ions. The passing ion component increases rapidly with aT' becoming dominant as F h approaches isotropy. In the total poloidal plasma beta at the q = 1 surface. However, this statement is based on the implicit assumption that the fluid pressure in the plasma core is isotropic, so that f3 p is uniquely defined. In fact, for realistic values of nhOinO and RF powers in the 5-20 MW range, the pressure in the plasma core contains a significant contribution from the (highly anisotropic) minority ions, and so, in the parameter regime which is relevant to ICRH experiments, Eq. (57) is not strictly valid, and a precise comparison between 8W ht + 8W hfp and 8W iD is not possible. If, however, we assume that Eq. (57) is approximately correct, we can infer that the hot-ion contribution to 8W will stabilize the m = 1 internal kink if
In terms of the results presented in Fig. 2 , the marginally stable value of f3 p lies in the range 0.4-0.65, depending on the values of aT and Pc; in the MHD limit, the critical value of f3 p is (131144)'12=0.3. Stable values of f3 p well in excess of the MHD threshold thus exist. We now proceed to examine the effects of varying the q profile. subject to the constraint that r 1$ O. 6a. The lower frames of Figs. 3-5 show (8W ht )N and (8W hfp )N as functions of qo, A, and v, respectively (see Table I ): the upper frames show the radius of the q = 1 surface. In each case, the total real contribution to (8W hot )N tends to increase as rl/a is reduced, and for r I $ 0.3 a the stabilizing effect of passing ions is again dominant. When rl =0.3a, the marginally stable value of f3 p indicated by Eq. (97) is about 1.0, irrespective of the q-profile parameters. We find as rl-+O that (8W hfp )N increases monotonically, whereas the real and imaginary parts of (8W ht )N both tend to zero. Since. in the MHD limit, the growth rate of the m = 1 internal kink is proportional to the negative of the total plasma energy,19 the existence of an imaginary part of 8W ht can be written as is the energy per unit toroidal length). Using the fact that q' =2( l-qo)frl in the case of a parabolic q profile, we infer that
The modulus of the bounce-averaged toroidal precessional drift frequency is given by20
where 0h is the minority ion cyclotron frequency, and the order-of-magnitude approximation is valid for ions with k24<k~. We thus have
Adopting the model parameters used to obtain Figs. I -5, and setting mh~=TJ..(O)-1 MeV, we find that Wf/(Wdh)1 is typically less than about 0.1. In fact, for any realistic set of q-profile and RF power input parameters, one can selfconsistently take the low-frequency limit in Eq.
(1).
Internal kink perturbations with w~( Wdh) are widely believed to be associated with so-called fishbone oscillations. 5 In a future paper we will extend our stability analysis of the model distribution given by Eq. (40) to the case of mode frequencies which are not small compared to (Wdh)' One additional complication arising from finite W is that the energy integrals in oW hot are no longer expressible in terms of r functions, and in fact must be evaluated numerically when Fh is given by Eq. (40). A review of theoretical work on finite frequency m = I modes can be found in Ref.
9. The excitation of fishbones has been variously attributed to spatial gradients in the minority ion population,5 bulk ion pressure gradients,21 and combinations of these. 22 In any event, it is likely that deeply trapped particles have a destabilizing effect on wave modes with W~(Wdh),20 and so one of the aims of our fishbone stability analysis will be to determine the effect of varying the anisotropy parameter aT' Passing minority ions do not contribute to the kinetic (frequency-dependent) term in Eq. (1), and therefore our expression for OW hfp is valid for all values of w. Equation (98) applies whenever the modulus of the complex wave frequency greatly exceeds the bulk ion diamagnetic frequency. In such cases, passing minority ions always have a stabilizing effect, irrespective of w, since oW hfp is positive definite (see . Any study of fishbone modes based on Eq. (40) must therefore take into account the stabilizing effect of passing minority ions, as well as the (possibly destabilizing) effect of trapped ions.
It is appropriate at this stage to compare our results with those obtained in Ref. 23 , which were applied to the case of on-axis ICRH in the Tore Supra tokamak. 24 It was concluded in Ref. 23 that passing minority ions have a greater stabilizing effect than trapped ions. Using q-profile parameters, RF deposition parameters and hot-ion anisotropy parameters appropriate for ICRH experiments in Tore Supra, we find that our model also yields the result (OWhfp)N>Re(oWht)N, al-though the ratio of these two quantities is rather sensitive to the precise value adopted for the vertical spread of the RF power deposition (~). This qualitative agreement occurs despite the fact that the model adopted in Ref. 23 for the minority ion distribution function, proposed originalIy by Becoulet and co-workers,25 differs significantly from that adopted here, in terms of both velocity space structure and radial profile. In particular, the minority ion distribution in Ref. 23 is identically zero for A ~ B R I , i.e., it is assumed that there are no deeply trapped heated ions. In the model adopted in this paper, which is motivated by the Stix model interpretation of JET ICRH experiments 11 and related Fokker-Planck studies,14.15 deeply trapped ions make a significant contribution to Re(oWht)N, thus augmenting the ratio Re(oWht)Nf( OWhfp)N'
VII. CONCLUSIONS
We have used a generalized energy principle to examine the stabilizing effect of ion cyclotron resonant heating (ICRH) on zero frequency m = 1 internal kink displacements, which are associated with sawtooth oscilIations. Simple expressions, consisting of one-dimensional and twodimensional integralS, have been obtained for the contribution to the plasma energy oW of an ICRH-heated minority ion population. Both trapped and passing ions have been taken into account. The model minority ion distribution function is based on Stix's model, and, when expressed as a function of energy, magnetic moment, and minor radius, is independent of poloidal angle, thereby satisfying the Vlasov equation. The perpendicular temperature is specified as a function of minor radius in terms of the total RF power Pc and its deposition profile. A consequence of Stix's model is that the minority ion component of the plasma energy has a simple linear dependence on Pc, and we have shown numerically that it is also insensitive to the anisotropy parameter TllfTJ.. . Our treatment includes an imaginary contribution to the plasma energy, arising from the zero-frequency Landau resonance of heated ions near the trapped-passing boundary: the existence of this imaginary contribution implies a finite mode frequency, which is typicalIy much smaller than the toroidal precessional drift frequency of the minority ions. Using parameters inferred from ICRH experiments in JET, we have shown that the ideal m = I internal kink mode can be stable when f3 p is of the order of unitywelI above the MHD instability threshold value of 0.3. Both trapped and passing minority ions contribute to m = I internal kink stabilization, with trapped ions making the greater contribution if TJ..fTII?= 10 and the radius of the q = 1 surface rl ?=0.3a. The computed values of the normalized plasma energy depend on the q profile, and above all on the value of rl: minority ion stabilization is most easily achieved if rlfa is small. This work was funded jointly by the United Kingdom Department of Trade and Industry and Euratom.
APPENDIX: NORMALIZATION OF HOT ION DISTRIBUTION
The function G(r), which appears in the expression for the minority ion distribution function [Eq. (49) ], may be evaluated as follows. As a first step, we divide the domain of integration in Eq. (50) 
7T[I-'tI.B o (l-E)]l!2 K(k),
and so the integral in Eq. (AlS) determines the normalization factor in our expression for the heated minority ion distribution.
